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Abstract 

In this article we prove a convergence S-arithmetic Khintchine-type the- 
orem for product of non-degenerate !/-adic manifolds, where one of them 
is the Archimedian placeQ 

1 Introduction 

Metric Diophantine approximation on R". Any real number can be 
approximated by rational numbers. Diophantine approximation concerns the 
precision of the approximation. For instance, by Dirichlet's Theorem, one can 
see that for any real number ^, there are infinitely many integers p and q, such 
that \q£, —p\ < 1/q. This, in some sense, indicates that in order to get a "good" 
approximation you do not need a "very large" denominator. On the other 
hand, it is well known that any quadratic algebraic number cannot be "very 
well" approximated. One can ask what happens for a "random" number, which 
is the subject of metric Diophantine approximation. Let us be more precise. 
Let be a decreasing function from R+ to R+ e.g. ij^eiq) = ^/q^^^- A real 
number ^ is called ^p-approximable if for infinitely many integers p and q, one 
has \q^ — p\ < ip{\q\). It is called very well approximable if it is V'e'A for some 
positive £. A. Khintchine |Kh24| has shown that almost all (resp. almost no) 
points, in terms of the Lebesgue measure, are ip-A if diverges (resp. 

converges) (See |St80| Chapter IV, Section 5]) . There are two ways to generalize 
the notion of ip-A to R": 

^) Ike ^ pII < i^illlY^^ infinitely many q G Z and p G Z". 

b) |q ■ C ^ Pl < V'(l|q||") for mfinitely many q G Z" and p G Z. 
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A priori there are two notions of VWA vectors, i.e. being ■0e-A for some 
positive e, either in terms of (a) or (b). However by means of Khintchine 
transference principle, these two give rise to the same notion (See |BD991 Chap. 
1]) or |Ca571 Chap. 5]). Groshev |G38) proved the aforementioned theorem in 
setting (b) (See |G38j ). while in setting (a) it was already known to Khintchine 
in 1926. 

Metric Diophantine approximation on manifolds. One can restrict 
oneself to a submanifold of K", and ask if a random point on this submani- 
fold is ij^-K. In fact one of the first questions in this direction was posed by 
K. Mahler |Ma32] . He conjectured that almost all points on the Veronese 
curve {{x.x^, ■ ■ ■ ,x")\x S R} are not VWA. Lots of works had been done to 
prove this conjecture by J. Kubilius, B. Volkmann, W. LeVeque, F. Kash, and 
W. M. Schmidt. In particular, the problem was solved for n = 2 by Kubil- 
ius |Ku49) and for n = 3 by Volkmann |Vol61) . Finally Mahler's conjecture 
was settled affirmatively by Sprindzuk |Sp64[ |Sp69| , and his proof led to the 
theory of Diophantine approximation on manifolds. According to his termi- 
nology, a submanifold M C is called extremal if almost all points of M 
are not VWA. He conjectured |Sp80| that any "nondegenerate" submanifold of 
R" is extremal (ref. |BU99j for the definition of nondegeneracy) . In fact, he 
conjectured this in the analytic setting. It is worth mentioning that a man- 
ifold M — {(/i(x),-- - ,/„(x))|x G [/} with analytic coordinates fiS is non- 
degenerate if and only if the functions , /„ are linearly independent 
over R. D. Kleinbock and G. Margulis |KM98] proved a stronger version of 
this conjecture using dynamics of special unipotent flows on the space of lat- 
tices. Later V. Bernik, D. Kleinbock, and G. Margulis |BKM01j and V. Beres- 
nevich [B00a| iBOObl lB02] independently proved a convergence Khintchine-type 
theorem on manifolds. For instance, they showed that if X]qeZ"\o V'dllll") con- 
verges, almost no point of a non-degenerate submanifold is ip-K. The divergence 
case has been also completely solved by V. Beresnevich, V. Bernik, D. Klein- 
bock, and G. Margulis jBBKM02j . 

S'-arithmetic Diophantine approximation. There are relatively less 
known results in the p-adic, and simultaneous approximation in different places. 
In a recent work V. Beresnevich, V. Bernik, E. Kovalevskaya |BBK05| . proved 
both the convergence and the divergence Khintchine-type theorem for the p-adic 
Veronese curve, i.e. {{x,x^, ■ ■ ■ ,x'^)\x S Qp}. It is worth mentioning that the 
convergence case had been already proved by E. Kovalevskaya jKo99j . There 
are a few other results of convergence Khintchine-type for more general curves 
in the p-adic plane or space, e.g. |BK031 iKoOO) . We take on this case in jMS07) 
where we prove both the convergent and the divergent Khintchine-type theorem 
for non-degenerate p-adic manifolds. 

Situation in the simultaneous Diophantine approximation is even less clear. 
The most general Khintchine-type theorem, in this case, is a recent work of 
V. Bernik and E. Kovalevskava |BK06) . They establish an inhomogeneous con- 
vergence Khintchine-type theorem for the Veronese curve with components 
in product of several local fields, more specifically {(x, x^, . . . , x")|x G C x 
R X ripesQp}- F'o'" product of non-degenerate manifolds, D. Kleinbock and 
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G. Tomanov, in a recent paper |KT07| . came up with an iS-arithmetic version 
of metric Diophantine approximation. They carefuUy defined the notion of ex- 
tremal manifolds and proved the analogous theorem. Let us briefly recall some 
of the definitions and results from their work. 

Fix a set S of cardinality k consisting of distinct normalized valuations of 
Q. Let Qs = lilies Q"'' Sf^S\ {i^oo}, and ^ = U {j/oo}- Using a Dirichlet- 
principle-type argument, one can show that for any ^ e Qg with S'-norm at 
most one, there are infinitely many (q, go) £ x Z, such that 

|q-e + go|g < llqll^o" iii^ooeS, 

|q-C + 9o|g<||(q,<Zo)IL"-' if ^^oo ^ 5. 

Accordingly, they defined the notion of VWA for a vector in ; namely, ^ S Qg 
is called VWA if for some e > 0, there are infinitely many (q, go) G x Z, such 
that 

Iq-e + golg < llqll^o""' if^^ooG^, 

|q-e + 'Zo|g<||(q,9o)IL"-'-^ if ^^oo ^ S. 

Extremal submanifolds of Q5 were defined similar to the real case and they 
proved that: 

Theorem A. Let M C he a non- degenerate C*^ manifold, then M is ex- 
tremal. 

A few terminologies and the statement of the main result. Here we 
introduce necessary notations to state the main results of the article, and refer 
the reader to the second section for the definitions of the technical terms. Let 
S, Sf and S be as before. It is well known that = Q n • Hi/^s '^•^ ^® ^ 
co-compact lattice in Qg, and [0, 1) x HiysS/ ^ fundamental domain of Z^ 
in Qg. As we mentioned before any vector in can be approximated with 
rational vectors. However this time, we view the field of rational numbers as the 
field of fractions of TZ a subring of Zg . It is worth mentioning that any subring 
of Zg is of the form Zs' for a subset S' , which contains the infinite place, of 
S. Any such TZ is discrete, so it has just finitely many elements ar in a ball of 
radius r in Qg. It is easy to see that grows polynomially with the growth 
degree g{TZ) equal to In particular one has \Br riTZ\ < 2r^('^^ 

Using Dirichlet-principle-type argument one can see that for any ^ S Qg 
with 5-norm at most one, there are infinitely many (q, qq) G TZ" x TZ such that 

|q-C + '7o|^<||q|ir'''^^ ifi^ooG^, 

|q-e + '7ol5<ll(q, 90)115^"+'^'''^^ if '^00 ^S. 

Accordingly, one can define the notion of 7?.- VWA; namely, ^ G is called 
7^- VWA if for some e > 0, there are infinitely many (q, qo) G 7^" x TZ such that 

|q-e + 9o|g< llqlir'*''^"' if ^^ooG^ , 
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A manifold M C is called 7?,-extremal if almost no point of it is 7^-VWA. 

One can rephrase the result of Kleinbock and Tomanov, theorem A, and say 
that any non-degenerate C*^ manifold is Z-extremal. In fact, it is easy to adapt 
their proof and show that any such manifold is 7?.-extremal, for any subring TZ 
of Zj. 

Assume that S contains the Archimedian place. Let 5' be a map from 7?." to 
K+. A vector ^ G Qg is called (*,7e)-A if for infinitely many (q,qo) £ x 7^ 
one has |q • C + ^ols ^ ^(q)- In. this article, we prove an S-arithmetic TZ- 
Khintchine-type statement. Let us fix a few notations before stating the precise 
statements. 

a) Places: S: a finite set of places containing the Archimedian place. 

b-1) Domain: U = HiyGS where C Q^" is an open box. 

b-2) Coordinates: f(x) = {fv{xu))veSi for any x = {x^) £ U, where 

i) fu ~ {fv^\ ■ ■ ■ , /i""*) : Ui, Q": analytic map for any u ^ S, and can be 
analytically extended to the boundary of U^. 

ii) Restrictions of 1, fi^\ • • • , /i""* to any open subset of Un are linearly in- 
dependent over Qy. 

iii) < 1, l|V/.(a^.)|| < 1, and |i;3/.(yi, yz, ya)! < 1/2 for any v&S, 
second difference quotient $/3, and a^j/ , 2/i , 2/2 , 2/3 G Ui, (For the definition 
of we refer the reader to the second section). 

c) Ring: TZ is a. subring of Zs, and so for some Sn C S, we have TZ = Zg^. 
Let Sti^ be the complement of S-n in S. 

d) Level of approximation: ^I* : 7?." \ {0} (0, 00) satisfies 

i) ^'(gi,--- ,(7j,-- - ,g„) > ^'(gi,--- ,<?-,••• ,qn) whenever \qi\s < |g-|s- 

ii) Eqe7^"\{o} < 

Theorem 1.1. Let S, U, f , 5*, and TZ be as above; then 

W^% = {x|f(x) zs(^,TZ)-A} 

has measure zero. 

Remark. 1- This theorem has been proved when S — {voo} by Bernik, Klein- 
bock and Margulis WKMOlf . 

2- As we mentioned earlier, for ^'(q) = Hqllg""''^'' ^ , where e is a positive 
number, Kleinbock and Tomanov JKTOT^ essentially proved this theorem. 
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3- Kleinhock and Tomanov fKTOT^ asked for such a theorem for 7?. = Z. 



4- - It is clear that the above theorem holds for product of any non-degenerate 

v-adic analytic manifolds. Indeed, the condition on the domain or the first 
two conditions on the coordinate functions are consequences of analyticity 
and non-degeneracy of the manifold. The last condition on the coordinate 
functions can be achieved by replacing f with f /M for a suitable S -integer 
M. 

5- (With or without the Archimedian place) As we have seen in the intro- 
duction, there is an intrinsic difference between the cases either with or 
without Archimedian places even though the methods are somewhat sim- 
ilar. For instance in the setting of this paper, namely when v^o S S , we 
formulate and prove a simultaneous approximation with coordinates in any 
subring TZ. However when Voo ^ S, we can formulate and prove such a 
theorem only for TZ — Z, in {MS 071 , see the remarks at the end of this 
paper for the precise statement. 

6- (Divergence) Following the above remark, we should also mention that 
in \MS07l we also prove the divergence counterpart as long as we deal with 
only one non- Archimedian place. Our argument comes short of proving 
the divergence counter part of simultaneous approximations. In particular, 
in the setting of this paper, namely when S contains the Archimedian place 
and a non- Archimedian place, we do not get the divergence part. 

Idea of the proof of theorem ll.il We essentially follow the same stream 
line of the proof of [BKMOl] . However we have to do careful analysis on families 
of p-adic C'^ functions. Spaces over p-adic fields are "easier" when one deals 
with number theoretic properties. However the analysis in some problems gets 
subtle as we have neither the notion of angle nor connectednessl So almost all 
the steps need a new approach or at least perspective. 

For a fixed q £ 7?." \ we study the behavior of the function f (x) • q, and the 
philosophy is that when the gradient of this function is "large" , the value of the 
function cannot be close to TZ for a "long" time. This will take care of points 
with "large" gradient. Hence we need to deal with the points with "small" 
gradient. To do so, we use a quantitative version of recurrence of polynomial- 
like maps on the space of S'-arithmetic modules. What is roughly explained here 
is the process of reducing the proof of theorem 11.11 to the following theorems, 
modulo Borel-Cantelli Lemma. 

Theorem 1.2. Let U and f be as above and < e < . , , „ en - Let A be 

T- I(f(x).q)|^^l <<5(n.T,)-^(^) ] 

xeU|3qG7^^ -i< |g,|s<T„ ||V/,(a;,)q|U> ||q||5^ e Sn' } , 

l|V/.(x.)q|U > ||q||l-^ ,^eSn J 

then \ A\ < C5 |U|, for large enough max(ri) and a universal constant C . 
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For the convenience of the reader, let us reeah that TZ = , and the growth 
of the numbers of elements of 7^ in a ball of radius T in Q5 is a polynomial 
on T of degree giJZ) = \Sti\- Let us also add that whenever needed we view a 
vector as a column or a row matrix. 

Theorem 1.3. Let U and f be as before. If ||f(x)I| < 1 and ||Vf(x)|| < 1, 
then for any x = {xu)i/^s G U, one can find a neighborhood V Iliyes ^ U 
of x and a > with the following property: For any ball B C V, there exists 
E > such that for any choice 0/ < (5 < 1, Ti, • • • , T„ > 1, and > with 
5\S\^T^f^) U < 1 one has 

<£;e"|B|, (HI) 

where e = max{<5, {5\^\{^^f'^^ 0.^5 K,)^^}- 

Theorem 11.31 is proved using dynamics of special unipotent flows and S- 
arithmetic version of Kleinbock-Margulis lemma, which was proved in [KT07j . 

Structure of the paper. In section 2, we start with some geometry and 
analysis of p-adic spaces, and continue observing some of the properties of dis- 
crete Zs-submodules of Hi/gs Q™"- Section 3 is devoted to the proof of theo- 
rem [TT2l In section 4, we recall the notion of good functions and establish the 
"goodness" of families of z/-adic analytic functions, which will be needed in the 
proof of theorem 11.31 This technical section, in some sense, is the core of the 
proof of theorem [TT3] modulo theorem l6.2l In section 5, we translate theorem ll.3l 
in terms of recurrence of special flows on the space of discrete Zs-submodules 
of rii/es'Q™''- -^-"^ section 6, we shall recall a theorem of Kleinbock-Tomanov, 
and use it to establish theorem 11.31 proving its equivalence in the dynamical 
language. The proof of the main theorem will be completed in section 7. We 
shall finish the paper by discussing a few remarks, and open problems. 

Acknowledgments. Authors would like to thank G. A. Margulis for intro- 
ducing this topic and suggesting this problem to them. We are also in debt to 
D. Kleinbock for reading the first draft and useful discussions. We also thank 
the anonymous referee(s) for their remarks and suggestions. 

2 Notations and Preliminaries 

Geometry of p-adic spaces. For any place ly of the field of rational 
numbers Q, Qi, denotes the i/-completion of Q. In particular, when v is the 
Archimedian place of Q, Qi, is the field of real numbers R. A non-Archimedian 
place (resp. the Archimedian place) is also called a finite (resp. infinite) place. 
Let p,y be the number of elements of the residue field of Qi, if is a finite 
place. For a a positive real number and a finite place of Q, let [a] ^ (resp. 
[aj^) denote a power of p^, with the smallest (resp. largest) :/-adic norm bigger 
(resp. smaller) than a. For any ring TZ and two vectors x,y Cz we set 



X e B| 3q G 7^" \ {0} 



l(f(x)-q)| 
l|V/.(a:)q|| 

\qi\s < Ti 



< S 



E S 
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X ■ y = X]r=i x^^^y^^^ ■ Let v he a, place of Q and V a vector space over Qi,. For 
any subset X of V, Xq^ (resp. Az^^) denotes the Qi, (resp. Zi,) span of X. We 
recall the notion of distance and orthogonality on V even if is a finite place. In 
the infinite place we take the Euclidean norm on V, and in a finite place, for the 
notion of distance, we take a Qi, basis S for V, and define the maximum norm 
II ■ II OS with respect to 53 on V. For the space Q™, one can consider the norm with 
respect to the standard basis, and in this case we drop 03 from the notation. 
Any basis for V gives rise to a basis for /\ V, so we can extend the corresponding 
norm on V to a norm on /\ V, and we do so. The following definition and/or 
lemma gives us the notion of orthogonality. 

Definition 2.1. Let i/ be a finite place of Q. A set of vectors xi, ■ ■ ■ , a;„ in 
Q"\ is called orthonormal if ||a;i|| = ||a;2|| = • • • = ||x„|| = ||xi A • • • A a;„|| = 1, 
or equivalently when it can be extended to a Zj^-basis of Z™. 

Calculus of functions on p-adic spaces. Here we recall the definition 
of p-adic C*^ functions, and refer the reader to |Sf84| for further reading. Let F 
be a local field and / an F-valucd function defined on U an open subset of F. 
The first difference quotient of / is a two variable function given by 

X — y 

defined on \7^U := {{x,y) e U x U\ x ^ y}. We say, / is at a e if 

lim ^^fix,y) 

(x,y)^(a,a) 

exists, and / is said to be on [/, if it is at every point of U. Now let 

V'^U := {(a;i,--- ,a;fc) e x, ^ Xj iori^j}, 

and define the A;*'* order difference quotient $'^/ : V*''+^[/ F oi f inductively 
by $0/ = / and 

^krf ^ <i>''~'^fixi,X3,--- ,Xk+l) -^''^'^fix2,X3,--- ,Xk+l) 

^ J[Xi,X2,--- ,Xk+i) . 

Xl — X2 

One readily sees any other pair could be taken instead of (xi,X2), and so "J**^/ 
is a symmetric function of its A: + 1 variables. / is called C*^ at a e [/ if the 
following limit exits 

lim ,Xk+i), 

(Xl,--- ,a;fc + i)-f(a,--- ,a) 

and it is called C*^ on U if it is C'^ at every point a eU . This is equivalent to 
f being continuously extendable to : U^^^ F. Clearly the continuous 
extension is unique. As one expects functions are k times differentiable, and 
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It is worth mentioning that, f £ imphes f^^^ is continuous but the converse 
fails. Also C°°{U) is defined to be the class of functions which are on U, for 
any k. Note that analytic functions are C°°. 

Now it is straightforward to generalize this to several variables. Let / be an 
F- valued function defined on Ui x ■ ■ ■ x Ud, where each Ui is an open subset of 
F. Denote by $J/ the fc*'* order difference quotient of / with respect to the i*'' 
coordinate. Then for any multi-index /3 = (ii, • ■ • , i^) let 

It is defined on V'^+'^Ui X • • ■ X V'^'+^t/d, and as above the order is not important. 
The function / is called C'^ on C/i x • • • x t/^ if for any multi-index /3 with 
|/?| = X^j^i «j at most fc, is extendable to ^pf on Ul^'^^ x • • • x U'/^K 
Similarly to the one variable case the obvious relation between and d/jf 
holds. 

For a function / = (/i, • • • , /„) from F™ to F", let V/(x) be an m by 
n matrix whose entry is djfi{x). 

Discrete 'Zg-submodules of Ylues'^i^" • ^'^^ finite set S of places 
of Q which contains the infinite place oo, set Sf = S \ {oo}, Qs — Ylues 
and Zs = Q n (Qs x rii/^S/ ^i') where Q is diagonally embedded in Qs- For 
a non-Archimedian (resp. Archimedian) place v, let us normalize the Haar 
measure fii, of such that /Xy(Zy) = 1 (resp. /Xoo([0,l]) — 1). On rij/esQ™") 
we take the maximum norm || • \\s, i.e. ||x||5 — max^gg ll^^iylli/. By the Chinese 
reminder theorem, it is clear that Z5 is a co-compact lattice in Q5, and by 
the above normalization and the product measure on Q5, the covolume of Z5 
is one. For any x G Qs, |(x)| denotes the distance from x to Zg, and we 
shall choose (x) e Z5 such that ||x- (x)||s = |(x)|. For any x G Oi/es'Q™''' 
c(^) = rii/ss ll^'^ll'^- Here and for all we set K = 15*1, clearly one has c(x) < ||x|||. 
By virtue of |KT07[ proposition 7.2] one can see the following lemma which 
shows that any discrete Zg-submodule of Hiyes 'Q™" essentially coming from 
Zs. 

Lemma 2.2. //A is a discrete Zs-submodule of Yi^^s^"^" ' ^^^n there are 
x(i), • • • ,x(''' in rii.Gs'Q™'' ^° ^ = ^sx(i) © • • ■ © Zsx(''). Moreover for 
any v S, linearly independent over Q^,. 

Definition 2.3. Let F be a discrete Zg-submodule of Jliyes'^™"' ^h'^n a sub- 
module A of F is called a primitive suhmodule if A = Aq^ n F. 

Remark 2.4. Let F and A be as in definition 12. 3[ then A is a primitive 
submodulc of F, if and only if there exists a complementary Zg-submodule 
A' C F, i.e. A n A' = and A + A' = F. 

3 Proof of theorem 11.21 

As in the introduction we have TZ — Z^^. Let \Stz\ — i^v. and I^t^^I — kti 
and so \S\ = k = k-r, + ktz- Fix q = (gi, • • • ,(j„) e 7^" with Tj/2 < |g,,|s < 
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and define T" = Tj and i? = Tn^ . As in the theorem, let < e < 4„^(]^^^) 
be fixed through out the paper. Let g(x) = f(x) • q, for any x e U, and set 

= {x G A\ the hypothesis of the theorem holds for q = {qi, - ■ ■ 

This means that any x e Aq satisfies the following properties: 

PI) For some qo G 7^, |g(x) + qo\s < ST''^'^. 

P2) For any I. e ^7^^ ||g(x)||, > ||q||5^ 

P3) For any ly £ Stz, ||g(x)||,. > \\q\\lr\ 

It is worth mentioning that because of (b-2, iii) the third condition on the 
coordinate maps, g also satisfies the following conditions at any point x: 

CI) For any e S, || V.g,(a;,) ||, < ||q||,. 

C2) For any z/ e 5, 1 < i,j < d^,x^,x'^,x'l G U^,^ij{gi,){xi,,x'^,x'l) < \\q\\t,. 

We will show that, |Ail < C5 T-9(^)|U|, which then, summing over all possible 
q's, will finish the proof. 

Let B(x) be a neighborhood of x which is defined as follows. 

(i) If > 0, let 

B(x) = iiBix., 4^v«~.||v..(..)iiJ ^ n^^(-^' 4^;:^^!:^) 

(ii) If = 0, let 

B(x)=n^(-.,4,^iivl(,,)ii; 

For X G ^q, let 50 be an element in TZ which satisfies (PI). 

First step. For any y G B(x), -B(g(y), 4^) n 7^ C {qo}, i.e. go is the only 
possible approximation of g(y) with an element of TZ. 

Proof of the first step. Let q'o G -B(g(y), j^) n TZ. Assume that go 7^ q'o- In 
order to get a contradiction we will use the Taylor expansion of g about x at 
each place, i.e. 

qo+9Ay'^) = qo+9u{xu)+ygu{xu)ix^-yu)+^^ij{gu){»){xi^^-y^^){xy^-yy^ 

i-j 

where the arguments of ^ij{g^) are some of the components of Xi, and y,^. We 
divide the proof into two parts: 
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(i) ktz = 0. In this case, l^o + g(y)|s < 4 because of the Taylor expansion 
and the following inequalities, 

• \qo+9v{x^)\„ < because of (PI), 

• \\7gu{x^) ■ {xi, — < 43— because of the way we defined B(x), 

• \E^.J^^A9v)i^)ix^J'' -yl^^){xy^ -yy% < because of (C2), 
(P2), and the definition of B(x). 

so Igo - 9ols < 5, which says = q[y 

(ii) > 0. Similar to the previous case, we will compare the maximum 
possible values of each of the three above expressions at each place v. The 

first one is always small. It is enough to compare the last two. Because 
of the way we defined B(x), the second term is less than ^^^y^^ (resp. 

^ 2 ) for V e Stz" (resp. v G S-r)- Indeed the third term is also less than 

these values because of (P2) (resp. (P3)), \qi\s < % (resp. Tj/2 < 

and e being small. So we have Ylves ^ ^oU < i) which contradicts the 

product formula, since we have qo, q'o G TZ ^ l^s- 

Second step. For any v G S and y G B(x), we have 

l|V5.(y.) - V5.(a;.)IU < ||V5.(a;.)|U/4. 



Proof of the second step. This time, we will use the Taylor expansion of 
diQv about Xv So let z = (2^) where yv = x^-V z^- In this setting, we have 

where the arguments of ^ij{g,^) and ^j{digv), as before, are some of the com- 
ponents of Xi, and y,^. Now similar to the first step, one can argue and get the 
following inequalities, which complete the proof of the second step. 

(i) \iv& Sn" then 

\digu{yu) -dig„{x„)\^ < \zu\u < < , 

AR-^\\Vg,{x,)\l 4 

(ii) liv eSn then 

\digw{yw) - dig„{x„)\^ < 2dcxi\q\i,\zi,\u < 2(iook|i/P < liZ^fi^ilMil ^ 

1 

^^^"^^ P = 4doo || vi(x.) | U if = ^ and p = 4d^ || ^g4^^) | |^ otherwise. 
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Third step. |7r,(^qnB(x))| < C"(5T-9(^))^r,|7r,(B(x))|, where = 
(resp. i?^/**^, 1) for ly £ S-jz (resp. ly e S^, v e Sn — S) and -Ky is projection 
into the Q;^-. 

Proof of the third step. Without loss of generahty, we may and wih assume 
that |j Vgi/(xiy) lliy — \digy{xy)\u. In fact, we will show that the considered set is 
thin in the ei direction, and it gives us the factor saving. So let y, y' G ^qnB(x), 
and assume that T^y{y') = T^v{y) + aei- Note that by the first step and (PI), 
for some qo G we have |go + g(y)ls < STsC^^ and \qa + g(y')ls < ST-s^'^\ 
and so 

|g(y')-g(y)l5<2''<5r-^'(^). (i) 

As always set y^, = n„{y) and yl = 7ri,(y'). 

(i) v G S'\{oo}. Again we use the Taylor expansion to get a "mean value 
theorem" at the norm level. 

9i^{yi^ + aei) - gi^ivi,) = dig^,{y^)a + 

as before a norm comparison, gives us 

+ aei) - g„{y^)\^ = \digi,{yi,)\i,\a\^ (2) 

(ii) v — OO. Here we have the mean value theorem and so for some Zoo, 

ffoo(2/oo + aei) - 5oo(2/oo) = 9i5oo(2^oo)a (3) 

Now by fixing the last — I entries, we slice our set, and equations [2] and [3] 
coupled with inequality [1] and the second step tell us that the measure of each 

slice is at most C"^^^^^^^^ = C"(JT^9(^))ir^ x radius of 7r^(B(x)). Now 
direct use of Fubini's theorem completes the proof of this step. 

Final step. For any v £ S, {7r^(B(x))}xeytq is a covering of ^^{Aq)- Using 
Besicovitch covering lemma (see in |KT07j for details on this) and the third 
step, we can conclude that 

k.(A)l <C"'('5r-^'(^))^r,|f/,|, 

for some universal constant C" . the following inequalities complete the proof: 

|-4q| < n W{Aq)\<C\l{{5T-aiT^y)-^r,)\V\=C5 T-»(^)|U|. 

4 Good functions 

In this section, first we recall the notion of a good function and a few known 
theorems, then we establish the "goodness" of a family of i^-adic analytic func- 
tions, which will be needed in the proof of theorem 11.31 
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Definition 4.1. |KM98| Let C and a be positive real numbers, a function f 
defined on an open set V of X = Ili/es Q™" is called (C, a)-good, if for any 
open ball B C V and any e > one has 

|{xgB| ||f(x)|| <e.sup||f(x)||}| <Ce"|B|. 

The following is tautological consequence of the above definition. 
Lemma 4.2. Let X — Yiues'^^" ""■'^ ^ '^^ above then 
(i) f is {C\a)-good on'V if and only i/||f|| is {C, a)-good. 
(a) Iff is {C,a)-good on V, then so is Af for any X G Qs- 

(Hi) Let I be a countable index set, ifU is {C\a)-good on V for any i ^ I, then 
so IS sup^^j ||f||. 

(iv) If { is (C, a) -good on V and ci < ||f (x)||5/||g(x) \\s < C2, for any a; £ V, 
then g is {C {02/01)", a) -good on V. 

Let us recall the following lemma from jKT07[ lemma 2.4]. 

Lemma 4.3. Let v be any 'place of Q and p G Qu[xi, ■ ■ • , Xd] be a polynomial 
of degree not greater than I. Then there exists C = Cd.i independent of p, such 
that p is (C, l/dl)-good on Q^. 

Next we state a variation of |KT07[ theorem 3.2] without proof. 

Theorem 4.4. Let Vi,--- ,Vd be nonempty open sets in Q^,, Let fc G N, 
Ai, ■ ■ ■ , Ad, A[, - ■ ■ ,A'^ positive real numbers and f G C'^(Vi x ■ • • x Vd) be such 
that 

A^ < /I. < A[ on v^+' V,x\lv,, i = l--- ,d. 

Then f is (C, a)-good on Vi x ■ ■ ■ x Vd, where C and a depend only on k, d, Ai, 
and A[ . 

Another useful fact which can be easily adapted to the j/-adic calculus is propo- 
sition 3.4 of IBKMOlj . 

Theorem 4.5. Let U be an open neighborhood of xq G Q™ and let T C C''{U) 
be a family of functions f : U Q,^ such that 

1. {Vf\f G T} IS compact in C^-\U) 

2. inf/g^sup|^|<; \dfsf{xo)\ > 0. 

Then there exist a neighborhood V ^ U of xq and positive numbers C — C (J-) 
and a = a{J-) such that for any / G 

(i) f is {C,a)-good on V . 
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(a) V/ is {C,a)-good on V. 

Proof. The argument in [BKMOll proposition 3.4] goes through using theorem 
Ol □ 

Corollary 4.6. Let /i, /2, • • • , /« he analytic Junctions from a neighborhood U 
of Xq in Q™ to Qi,, such that 1, /i,/2, • ' • i /n '^''e linearly independent on any 
neighborhood of xq, then 

(i) There exist a neighborhood V of xq, C a > such that any linear com- 
bination of 1, /i, /2, • • • , /„ is (C, a)-good on V . 

(ii) There exist a neighborhood V' of xq, C &^ a' > such that for any 
dud2,--- ,d„eQ., IIELicf^V/.ll is{C',a')-good. 

Proof het F = {d + D- (/i, • • • ,/„)! d £ Q., -D £ Q'J, \\D\\ = 1}. By our 
assumptions on /i, • ■ • , /„, the family satisfies the conditions of theorem 14.51 
which gives the corollary. □ 

The following theorem is the main result of this section. This technical theorem 
is crucial in the proof of theorem 11.31 Let us first recall the notion of skew 
gradient from [BKMOl , section 4]. For two functions gi : QjJ ^ Q^, i — 1,2 
define V{gi,g2) ■= ffiVg2 —92^91- This, as one expects from the definition, 
measures how far two functions are from being linearly dependent ref. loc. cit. 
for a discussion on this. 

Theorem 4.7. Let U be a neighborhood of Xq G Q™, /i, /2, • ' ' i fn be analytic 
functions from U to Q^, such that 1, /i, /2, • • • , /« are linearly independent on 
any open subset of U. Let F = (/i, • • • , /„) and 

F={{D-F, D' ■F + a)\ \\D\\ = \\D'\\ = \\D A D'\\ = 1, D, D' G QIJ, a G Q.}. 
Then there exists a neighborhood V QU of xq such that 

(i) For any neighborhood B QV of xq, there exists p — p{F,B) such t 
sup^es II '^9ix) ||> P for any g e F. 

(ii) There exist C, a positive numbers such that ||V(7|| is {C,a)-good on V, 
for any g G F . 

Proof. The case = 00 is proposition 4.1 of [BKMOT, so we may assume v is 
a finite place. We start with part (i) proceeding by contradiction. If not, one 
can find a neighborhood B of xq such that for any n, there would exist gn & F 
with ||Vg„(a;)|| < 1/n for any x e B. Let g„ = (£)„ • F, D'^ ■ F + a„). If there 
is a bounded subsequence of a„, going to a subsequence, we may assume g„ 
is converging to <? G J^. Therefore ||Vg(x)|| = for any x ^ B which contra- 
dicts linearly independence of 1, /i, • • • , /„. Thus we may assume that, a„ 00. 
However inf||£)||^i sup^g^ ||-DVF(x)|| = ^ > 0, therefore sup^g^ || Vg„(a;)|| 00 
in contrary to our assumption. 
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Now we prove part (ii). The proof will be divided into two parts. First we shall 
deal with the"conipact" part of J-", i.e. when we have an upper bounded on \a\, 
later we will prove the unbounded part. 

Lemma 4.8. Let U F be as in the theorem \4. 7| and J-m be 

{{D-F,D'-F+a)\ \\D\\ = = \\DAD'\\ = 1, D,D' e a e Q., |a|, < M}. 

Then there exist a neighborhood V = Vm of xq, C — Cm cind a — um > such 
that II Vg|| is (C, a)-good on V for any g G -Fm- 

Proof. Replacing F{x) by F{x + xo) we may assume that xq = 0. Then rescaling 
X by rx we may and will assume all the Taylor coefficients of /i's are in Z^, and 
U C pi,Xy. Now for any g e Fm there is hg G GL,„(Z^) such that all of the 
components of V{gohg) are non-zero functions. By the compactness assumption 
on Fm, we may find /ii, • • • , /ifc £ GLni(Zy) such that 

sup |(V(g o hj))i{x)\ > 6 for 1 < i < m. 

xGU 

Hence we can find b = bs with the following property: for any g G Fm there 
exists 1 < j < fc, such that for any 1 < i < m one can find a multi-index /? 
with |/3| < b, and |9^(V(5 o hj))i{0)\ > 6. Using theorem 14.51 there exist a 
neighborhood V' of the origin, C and a > such that for any g G Fm one can 
find 1 < j < fc so that \\\7{g o hj)\\ is (C, a)-good on V' , which says HV^H is 
good on some V for any g G Fm. □ 

To prove the unbounded part, we need the following lemma. 

Lemma 4.9. Set H = (pi,p2, • • • ,Pn) where pi € Z^[xi, ■ ■ ■ , Xm] are linearly 
independent polynomials of degree < I. For any positive real number r let 
Hr(x) = ^^-^j^jf-^. Then there exist 7 and < s < 1 such that for any D, D' G 
with \\D\\ ^ \\D'\\ ^ \\D A D'\\ = 1, any a e with \a\ > pi and r < s one 
has ^ 

\\yPrix)\U > 7(l+l|P,.||sJ, 

where Pr = [D ■ Hr, D' ■ H,. + pjr). 

Proof. First Claim. For any p{x) — X^iLo '^i^^ ^ QA^] < 5 < 1, there 
exists s, such that for any r < s, one has 

1^^ 

sup \p{x)\ > , where \ck\ >5max{|ci|}. 

With the understanding that = 1. 

Proof of the first claim. We will see s = S works. If fc = then |p(a;)| — \co\ 
for |a::| < S and there is nothing to prove. Otherwise, there exists A: > such 
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that \^k{p){xi, - • ■ ,a;fe+i)| = \ck\ for \xt\ < S. Take xi,--- ,Xk+i such that 
\xi — Xj \ > r/k for 1 < i =/= j < k + 1, where r < s = S, Let 



fe+l -pr 

^ ^ '■•■37 



q{x) = > p{xi) 



be the degree fc, Lagrange polynomial of p with respect to xi, • • ■ , Xk+i- Then 
we get 

|cfc| |$fe(p)(xi, • • • ,xk+i)\ = |$fe(g)(a;i, • • • ,Xk+i)\ 

k+l 



pjxj) I ^ HpIIb, 



Therefore ||p1|b, > \ck\r''/k'^ as we wanted to show. 

Second claim. There exist aa,C',s > such that for any Q in 

Sao — {^{D ■ H, D' ■ H + a)\D, D' orthonormal vectors, \a\ > ao}, 

and r < s, one has 

\\Q\U>C'\a\r'-\ (4) 

Proof of the second claim. As the family Q — \I) ■ H\ \\D\\ = 1} is a compact 
family of functions, and piS are hnearly independent, there exists 5' > Q such 
that > (5', for any \\D\\ = 1. Thus for any polynomial^ G there exists 

a multi-index /3 with = k < I such that $^(p)(0) > 5' . Hence for any such p, 
one may find hp G GL,n(Z^), (5p, and Sp, such that |$J(p o /ip)(a;o, • • • ,Xk)\ > Sp 
for any Xj's with norm at most Sp. Now by the compactness of GL,n(Zy) and Q, 
there are hi, ■ ■ ■ ,ht G GLin(Z^), and positive numbers 6" , s' such that for any 
P ^ G, o hi){xo, ■ ■ ■ ,Xk)\ > S" (*) for some 1 < i < t, and any Xj with 

norm at most s'. 

Now let D and D' be two orthonormal vectors and g{x) ~ W{D ■ H, D' ■ H + a). 

llsllsr — Il5'°'''llsr fo^' ^ € GLi„(Zj/), we may and will replace g by gohi, 
where i has been chosen such that (*) holds for p = D ■ H . Hence if ao — p^, 
the coefficient of xj^^ in the first component of V(Z3 • H o hi, D' ■ H o hi + a) 
has norm at least 5"\a\/p^j^, and moreover all the coefficients have norm at most 
\a\. Now let a;2 = • ■ ■ = a;„ = 0. We would get a one-variable polynomial whose 
coefficient of term x\^^ has norm at least 5" /p^^, times the maximum norm of all 
the coefficients. Thus the first claim completes the proof of the second claim. 
Final step, let P{x) = [D ■ H, D' ■ H + a). Note that \\Pr\\Bi = \a\/r\ 
||VPr|| = ||VP ll/r^'^^. Using these and[31 one sees that 7 = ^ works. □ 

Before proving the unbounded part, let us recall and give the needed modi- 
fication of lemma 3.7 of }BKM01) . 
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Lemma 4.10. Let B C Q<^ be an open ball of radius r, and B be the ball with 
the same center as B and of radius {pi, + 1) ■ r. Let f be a continuous function 
on B. Suppose C, a, and S are positive real numbers such that 

\{xeB'\ \f{x)\<e- sup \f{x)\}\<Ce"\B'\, 

for any ball B' Q B and e > 6. Then f is (C, a')-good on B whenever < a' < a 
and CpJ°'-°'' < 1. 

Proof. The same argument as in [BKMOlj works in the non- Archimedean set- 
ting, too. However we have to replace sup^.g^jj,) = e ■ sup^.^^ with 

sup < £ • sup < sup 

xeB{y) xeB xeB'{y) 

where B'{y) is a ball centered at y whose radius is Pi, times the radius of B{y). 
Then use the covering of B'{yys instead of i?(?/)'s and note that 

\B'{y)\^p,\B{y)\. 

□ 

Lemma 4.11. Let xq, U F be as in theorem \4-. T\ and 

^'m = {{D-F, D' -F + a)\ D, D' orthonormal, a G Q^, \a\ > M}. 

Then for sufficiently large M there exist neighborhood V of xq and positive 
numbers C &i a, such that for any g G J'm^ ll^fll ^•s {C,a)-good function on V 
for any g G 

Proof. Without loss of generality we assume a^o = and fi{x) — X^^ez™ '^^p ^ 
I < i < n, where a^^ G and ||a;|| < 1. Let be the degree Taylor 
polynomial of fi then \fi{x) —pf\x)\ < l|a;||'+^. Let I be large enough such that 
■ • • are linearly independent also let rg < s be small enough such 

that 

7 

where s, 7 are given as in lemma and Cm,2i-2 is as in lemma Now take 
M > pi and consider g{x) = (C ■ F{x), D ■ F{x) + a) from F'j^^ furthermore 
set p{x) = (C • {p[^\- ■ ■ D ■ • • • + a). By lemma SITOl it is 

enough to prove the following: 

For — < e < 1, any ball B = Br{x{) C i?r-o(0) and any g G one has: 
\{x ^Br{x,)\ \\^g{x)\\ < 6 ■ sup,,5 l|V5(x)||}| < 2Cm,2i-2 ei/™(2'-2)|s|. 

Let gr{x) = & pr{x) = ^lear that (*) holds if and 
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only if 

\{x 6 Bi(0)| ||V5,(a;)|| < £ • sup || V.g,(x)||}| < 2C„,,2i^2 e^/^^^'-'^lBil, (f) 

where Bi is the ball of radius 1 about the origin. However for any x £ Bi, 

\\gr{x) — Pr{x)\\ < r , ||V5,-(a;) — Vpr{x)\\ < r. Therefore 

||V5,(x) - Vprix)\\ < r(r + 2)(1 + \\pr{x)\\) 

< 3r(l + \\pr{x)\\) < — sup ||Vp,(a:)||. 

7 xeBi 

Hence {x G i?i(0)| ||V5,-(a;)|| < e sup^.^^^ Il^5r(a;)||} is a subset of 

{a; G Bi(0)| 1|Vp,.(.t)|| - — sup ||Vp^(a;)|| < e(l + — ) sup \\^pr{x)\\} 

7 xeBi 1 xeBi 

= {x e B,m \\^Prix)\\ < (e(l + -) + -) sup ||Vp,.(.T)||} 

7 7 xeBi 

C {xeBil ||Vpr(a;)|| < 2e sup \\Vpr{x)\\}. 

xeBi 

Since each of the components of S/pr (x) is a polynomial of degree at most 21 — 2, 
and \7pr is not zero, (j) holds, which finishes the proof. □ 

Lemmas 14.81 and 14.111 complete the proof of part(ii) of theorem 14.71 □ 



5 Theorem 11.31 and lattices 

In this chapter, following |KM98] . [BKMOlj . and |KT07j we are going to 
convert the problem into a quantitative question about "special" unipotent flows 
on the space of discrete Z5— submodules. In the remaining part of this article, 
we let nil, = n + d,y + l, and we are going to work with discrete Zg— submodules 
of the Qs-module X = Yiu^s Q™"- We shall denote the standard basis of the v- 
factor of X by {e^, e^^, • • • , ef^,el • • • , e','}, let W; = {et\ • • • , e*/^}^^, 
— {^il/j ■ ■ ■ ^}q„, and A be the Zg-module generated by eg, • • • ,e„, 
where — [el)i,^s for any Q <i <n. Take (5, K^'s, Tj's, and the function f as 
in theorem 11.31 and let 




One has 



p + Uixi,) ■ q 
I I I I =11 VUMq 
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p 

So if A = II II has been chosen such that q satisfies the condi- 

tions on the set [Ol and \{p + fy{xy) ■ q)u(^s\ = \{{fu{xy) ■ q)u(^s)\, we get 
an upper bound on each of the coordinates of Uy^\. Now we shah rescale the 
space to put WxA into a "smah" cube by muUiplying it with a diagonal ele- 

ment D - (A. = diag((al,"V\ K)"\ ' ' ' , K)~\ ' ' • , (ai,"V').e5, 

where a'y^ = [(5/e]y,< \Kyle\y, and ai^ = \ ^f'/^'''^ ^ ^ f^. fo'" ^'^y 

1 < i < n. Having this setting in mind, we state the next theorem which proves 
theorem 11.31 

Theorem 5.1. Let U and f he as in theorem \1.3\' then for any x — {x^)^(zs, 
there exists a neighborhood V ~ Yii^es ^ U o/ x, and a positive number a 
with the following property: for any B C_V there exists E > such that for any 
D = (diag((ai,°Vi, {air\ {al)-\ {a^^Y\ (ai"V)).E5 with 

(t) < \al°'>\^ < 1 < \ai^'>\^ < ■ ■ ■< \ai"'^\^, and 



(ii) < n^6s ^ Tli^es |„(o)^(i)...^(„-i)|_^ , 

and for any positive number e, one has 

\{y e B\ c(DWyA) < efor some A G A\{0}}| < E e'^\B\. 

Proof of theorem \1.3\ modulo theorem 15. Jl Using a permutation without loss of 
generality, one can assume that Ti < T2 < ■ ■ ■ < Tn- Now let e as in theorem ll.3l 
It is easy to verify that if one defines a^^ 's and a* as in the setting of beginning of 
this section, they satisfy conditions of theorem l5.ll Hence theorem 15 . II provides 
us with a neighborhood V and a positive number a. Using the discussion in the 
beginning of this section and the fact that c(x) < ||x|||, one sees that a/n and 
V satisfy the conditions of theorem 11.31 □ 



6 Proof of theorem 15.11 

In this section, using the following generalization of |KM98[ section 4] proved 
in |KT07[ section 5], we will prove theorem 15. II Before stating the theorem, let 
us recall the notion of norm-like map (see [KT07I section 6]). 

Definition 6.1. Let be the set of all discrete Zg-submodules of Hiyes QIT"- 
A function 9 from f2 to the positive real numbers is called a norm-like map if 
the following three properties hold: 

i) For any A, A' with A' C A and the same Zs-rank, one has ^(A) < 9{A'). 

ii) For any A and 7 ^ Aq^ , one has e{A + Zs^f) < 8{A)e{Zsj). 
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iii) For any A, the function g 9{gA) is a continuous function of 

Theorem 6.2. Let B = B(xo,ro) C U^^s^i'^ ^ = B(xo,3™ro) for 
m = min^ (tn^). Assume that H : B — )> GL(]^j^gg Q™") is a continuous map. 
Also let 9 be a norm-like map defined on the set of discrete Zs-submodules of 
Y[u£S ^T" ' '^''^^ ^ be a subposet of Vt. For any F e *|5 denote by ipr the function 
X M- (?(H(x)F) on B. Now suppose for some C,a > and p > one has 

(i) for every F £ *p, the function ijjr is (C, a)-good on B; 

(a) for every F G <P, sup^^g ||i/)r(x)||s > p; 

(iii) for every x g B, #{F G Iji/rWHs < p} < oo. 
Then for any positive s < p one has 

|{x G B| 6'(H(x)A) < £ for some A G A \ {0}}| < mC{N(^^a^-^^s)D^)"\^f\^\, 

where D may be taken to be 3*^°° YiveSfi'^Pi^)'^" ' '^'^'^ ^{(d^),s) ^•s ihe Besicovich 
constant for the space Yiues'^t" ■ 

To this end, we need to define a poset *p, a norm-Hked map 6, a family H 
of functions, and verify the conditions of theorem 16.21 for our choices of *P, 9, 
and any function H in We shall start with introducing a norm-like map 9 
from rii/esAQIT" to IR^, and then "restrict" it to the poset of discrete Zg- 
submodules of Hi/Gs'Q™''- ^'^^ each, G 5 let I* be the ideal generated by 
e*'Ae*-', for 1 <i,j < d^, and tt„ be the natural map from /\ Q™-' to AQ™" A^- 
Define 9^{xj,) = ||7ri,(xi,)||7r,,(<8„): where is the standard basis of AQ™"; and 
let 0(x) = Wues^vixv)- For any discrete Z^-submodule A of JliyGs'^™''' 
l9(A) = 6'(x(i' A • • • A x('^)), where {x'^), • • • ,x('')} is a Zg-base of A. Using the 
product formula, it is easy to see that 9{/S.) is well-defined, and it is a norm-like 
map. Now let *P be the poset of primitive Zg-submodules of A, where A is 
defined in setion 4. Let % be the family of functions 

H:U=]JU^^GL([|QJf") where H(x) = DWx, 

for any D satisfying conditions of theorem 15.11 Since the restriction of 9 to 
riiyes Q™" is the same as the function c, to prove theorem 15. 1[ it suffices to find 
a neighborhood V of x and establish the following statements for such V. 

(I) There exist C, a > 0, such that all the functions y 6'(H(y)A), where 
H G H and A G *P are (C, a)-good on V. 

(II) For aU y G V and H G 7^, one has #{A G 6l(H(y)A) < 1} < oo. 

(Ill) For every ball B G V, there exists p > such that supygg 0(H(y)A) > p 
for ah H G 7^ and A G *p. 
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We now verify (I-III) which will finish the proof of the theorem 11.31 
Proof of (I). Let rank^^ A = k < n + 1, and let (DA),^ be the Qi,-span of the 
projection of DA to the 1/ place; then by lemma [^?^ dimq. fPA),, = k, for any 
V £ S. We choose an orthonormal set x^y \ • • • , x^u^^^ £ (DA)i, n W^, ® Qi/e". 
By adding e° and possibly another vector x^!*' from (DA),^ © Q,ye° to the set of 

Xu'^'s, we can get an orthonormal base of (DA),^ Qv^t- Let {y^^-*, • • • ,y'''''''} 
be a Zs-base of A. Therefore 6i(DA) = 9{Tiy), where y = y^^^ A • • • A y^''\ 
Take a,,,b^ G Qi, such that 

{■Dy), = a,el A A • • • A xi^-^^ + 6,^°) A • • • A xl'^-^l 

Let V*g{x,) = Eti ^^gix,)el\ for any function g from an open subset of Q"^" 
to Qi,, and define V*{g){x) = gi{x)V*g2{x) — g2{x)'V*gi{x), where gi and 52 
are two functions from an open subset of Qf," to Q^,, and g{x) — {gi{x), g2{x)). 
Let us also define f(x) — {fu{xu))iyeS, where 

^(1) ^(n) 

In this setting it is easy to see that 

(0) 

{T>U^T)-%w = w+ iUx,) ■ w)el + ^V*{Ux,)w), 

a* 

whenever w is in Wi, Qi^e". Therefore we have 



7r,((i7(x)3^),) = (a, + fe,/,(x,)a:W)e>xW A • • • A ^^^-^^ + 6,4°) A • • • Ax(,'='i) 



fc-l (0) fc-i 

1=1 ST^i i=0 S5<ti 



.(0) 



fe-1 



i=l 



A A 



(5) 



(0) fc-i _ 
+^-^ E ±V*(/.(x.)xW,/.(x.)x«)Ael]A /\ 

By the choice of x^,*'' 's, norm of the above vector would be the maximum of 
norms of each of its summands. Using the fact that maximum of a family of 
(Ci/, ai,)-good functions is again a {C^,a^)-goo<l function, it suffices to show 
that the norm of each of these summands is a ((7,^, aiy)-good function for a fixed 
Ci/ and a^. By theorem |4.6| we find a neighborhood of x^, Cl and > 
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such that the first two Hnes would be (C3,ai)-good functions on Vj. Also, 
theorem 14.71 provides us a neighborhood of x^, C^, and > so that the 
rest would be (C^,a^)-good functions. Hence corollary 2.3 of |KT07| gives us 
the claim. 

Proof of (II). By looking at the first line of the equation ([S]), one can see that 
6'(DWxA) > n,.es"iax{|a^ + • x^°\, Thus e(T)U^/\) < 1 implies 

that J^j^gg max{|ai/|, \b^\} has an upper bound. Therefore using corollary 7.9 of 
|KT07| . we would get the finiteness of such A's, as we claimed. 

Proof of (III). Let V be the neighborhood of x given by theorem 14. 71 B C V 
be a ball containing x, M, pi, p2, and ps be as follows 

pi = inf{|/,(x,) • + zO|, I X e B,i. e e (Q;m|z,|| = 1,2° e Q4, 

P2 = inf{sup \\Vf,{x,)Z4 \v eS,Z,^ \\Z,\\ = 1}, 

and p3 is given by theorem l4.7r a). and M — sup^fzE^&^{\\f{^)\\s, l|Vf(x)||s}. 
If rankzgA = 1, then A can be represented by a vector w = {w,^),^^s, with 
wl S Zs for all i's and for any v ^ S. The first coordinate of D^xW is then 
equal to 




Therefore c{T)U^-w) > pi since \aV' \ < 1. 

Now assume rankzgA = k > 1. As in part (I), let us denote the Qi, span of 
the projection to v place of A by Ai, . Let orthonormal set 

in W^CiA^. We extend this to an orthonormal set in (14^^ ©Qi,e")nA,y by adding 

xi'^ ^\ Now if necessary choose a vector x'i^^ to complete {e'l,x^\ • ■ • ,xi^ ^''} 
to an orthonormal basis of A^ + Qi/e°. 

Let {y(i), • • ■ ,y('=)} be a Z^-base of A, and define y = y'^) A • • ■ A y^'^). 
Since I?^ leaves Wi,,W* ,Q^e^, and Qj^e" invariant, one has 

0(DWxA) = ecDu^y) = Y[ e,{DM^y.) = H \\DuMKyu)\\u- 

On the other hand, similar to the discussion in (I), there are au,b,j G so that 

y^ = a,el A A • ■ • A x^^'^^ + Kx^°^ A • • • A x^^-^\ 

Note also that Jliyesil^i^lf ' l^i^UI — 1- Similar to the argument of jBKMOli 
Section 7], let f(x) — {Jy{xu))u(^s, where 

we would have: 

MKy^) = {a. + Kf,{x,)x^^y)el A A • • • A x^^-^'^ + Kx^^^ A • • • A x^^'^'^ 
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fc-1 fe-1 
+5. J2 MUMx^:^)el A /\ + 6. ^ ±V*(/.(x.)x«) A /\ 

+e° Aj)^(a;^), 

fe-1 

where 3>.(a;.) = ±V*(/,(a;,)4*\ a, + A /\ x^,^) 

j=l s#0,i 

fe-1 

+K ^ ±V*(/.(x,)xW,^(x,)x(/))A /\ 4^). 

In order to find a lower bound p for sup^^g 9(T>U:x.y), it suffices to show that 
supJli/es \\D,^yi,{xi,)\\i, is not less that pHi^es I'^^'^^U- ^ow consider the product 
e„ A j^(x). Our next task is to show; 

(*) supJJ ||e>3>,(a;,)|U>p. 

Assume that (*) holds and let us finish the proof. Since the eigenvalue with 
the smallest norm of on W* A {/\''~^{Que° 8 Que")) is equal to 

(aWai"-'=+') •••ai"))"\ using WD^e^ aX{xu))\\, < \\D,X{xu)\\u/\a^J'^\u, one 
has 

n \\DMxu)\\. > n |a(")|.p.(eC A 

l„(")| 

- ^ n I (*) (n-fe+3) («-i)i - ^ n i"^"^!"^' 

ygS lOy du CLu ■ • ■ Ui, \u j^gg 

as we wanted. Thus it suffices to show (*). To that end for any place v G S 
select the term containing x'l!'^ A x^^ ^ ■ • ■ A xl^ then one has 

„ ~ , s ■. „ ^^\ ^o\ II. o\ other terms where one 

e:Ayu{Xu) = ±zi*\xu)Ae:Ax^J^Ax^^^---Axi^-^^+ ^ ^ 

or two xl ' are missing, 

where _ 

zi*\xu) = V*{U{xu)xl-\ a, + KUxu)x';°^) 

= KV*{U{x,)xl-\ Ux,)x'^^) - a,V*(/.(x,)x('=-i)) 

Using the first expression it follows that sup^.^^^^ ||2l*^(a;!y)||!y > ps where 

the second expression gives, sup^^^g^^ ||2;^,*^(a;^)||^ > p'i\av\v — 2M^|6y|y. It is 
easy to see that there exists po such that 

max{p2|a,/|^ - 2M'^\h^\^,pz > Po ■ max{|a^|^, \b^\^}. 

Therefore p = Pq satisfies the conditions of the theorem. 
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7 Proof of the main theorem 



Take xq G U. Choose a neighborhood V C U of xq and a positive number 
a, as in theorem 11.31 and pick a bah B = Yii^i^s — ^ containing Xq such 
that the baU with the same center and triple the radius is contained in U. We 
prove that B n ^ has measure zero. For any q e TZ^, let 

= {M.es e B| \{iUM).es ■ q)| < *(q)}. 

We shaU proceed by induction on n. For n = 1 set Q — TZ\ {0} and for 
n > 2, by the induction hypothesis, it would be enough to deal with the set 
Q = {{qu)i,(£s G 7^ for any & z} i.e. the set of vectors with non-zero 

coordinates, namely we have to prove that the set of points x in B which belong 
to infinitely many for q S Q has measure zero. Now let 

A-. -IxGA I llqVf(x)|U>||q||- i^e^^- 1 



^<q — ^q \ ^>q- 

For any t = (ti, ■ • ■ , t„) e N", let 

A>t = IJ A>q and A<t = |J A<q. 

qeQ,2*. <|q(')|<2*i+l q6Q,2'» < |<j(«) | <2'»+l 

It is clear that the union of AqS where q varies in Q is the same as the union 
of the A>t's and ^<t's where t varies in W\ 

By the conditions posed on 'i', we have 

(i) If for any i one has 2*' < |g(*)|s < 2*'+i, then ^'(q) < ^'(2*i, • • • ,2*-). 

(ii) For large enough ||q||, we have ^'(q) < I'z'-^'ls)"^''^'- 

These show A>t is a subset of the set defined in theorem 1 1.2 1 with Tj = 2**+^ and 

S = 2^'(^)^?=i(*'+i)\E'(2*i, • • • ,2*"). Now one notes that the convergence of the 
sum X;*(q) gives that of 29(^) ^?=i(**+^)*(2*i , • • • ,2*"). So Borel-CanteUi 
lemma gives us that almost all points of U are in at most finitely many A>t, as 
we desired. 

As we said ^'(q) < (Hi \q^^^s)~^^^^ for large enough ||q||s. So if for any i 
one has 2*' < |g(*)|s < 2*'+i, then *(q) < 2-f(^)^?=i*S for large enough ||t||. 
Now for such t we may write A<t — U^g5^<t.i/ where each ^<t,iy is contained 
in set defined inO with S 2 ''"^'fi=^'' ^ ^ 2*'+^ and 

^ 2(i-'^)(llt||+i) if ^ (= 5-^^ ^ 2-^11*11 if i/ e S-Tz" 
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It is not hard to verify the inequahties in the hypothesis of theorem 1 1.3 1 More- 
over, one has 

= max{,5"("+i),J"( ^^'''^" )g(^) n K,) = (5"( ^^ ' ' ' ^" )3(^) FT K,^ 
maxT. ^J-/^ maxT. 

-«iitii 

So we have e < (7 2"'"+^' for some constant C depending on f. So by theo- 
rem [T31 and the choice of V and B, measure of At is at most 

C2 ("+1)"" |B|. 

Therefore the sum of measures of A^ts is finite, thus another use of Borel- 
Cantelli lemma completes the proof. 

8 A few remarks and open problems 

1. In this article, we worked with product of non-degenerate p-adic ana- 
lytic manifolds. Historically this is the case which has drawn most attention. 
However most of the argument is valid for the product of non-degenerate 
manifolds. The only part in which we use analyticity extensively is in the proof 
of lemma 14.81 

2. In this paper, we studied analytic manifolds containing a real analytic 
component. In |MS07| . we prove a convergence Khintchine-type theorem for 
simultaneous approximation in non-Archimedian places. There we also prove 
the divergent part in the p-adic case. The following is an important corollary of 
the main results of loc. cit. 

Theorem 8.1. Let M C be a p-adic non-degenerate analytic manifold. 
Suppose ^ : Z" \ {0} — > (0, oo) is a function of norm and decreasing in terms 
of norm. Then almost every (resp. almost no) point of M is -Approximahle 

3. Both here and in |MS07| . we consider homogeneous diophantine approx- 
imation, namely we are approximating zero. One can consider the inhomoge- 
neous problem. As we mentioned in the introduction, V. Bernik and E. Ko- 
valevskaya [BK06j proved the inhomogeneous problem for the Veronese curve 
in product of local fields, i.e. C x R x Hpes 'Qp- 1^ would be interesting if the 
inhomogeneous problem could be proved for non-degenerate manifolds. 

4. As we recalled in the introduction, historically there are two kinds of 
Diophantine approximations. One of them is coming from the dot product 
which is the question that we considered, and the other one is simultaneous 
approximation of each of the components. 

Problem 8.2. Let / = (/i, ■ • • , /„), where fi's are analytic functions from an 
open subset U of R'' to M and 1, /i, • • • , /„ are linearly independent. Let ip be 
a decreasing map from Z to M+. Define 

VV/_^ = {x e U\\\qf{x) +p\\ < ipiq) for infinitely many q e Z andp G Z"}. 
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Then W/,^ is null (resp. co-null) if X^gGZ V-'C?)" is convergent (resp. divergent). 

For a general ip very little is known. However there are partial results in 
this direction, e.g. Dodson, Rynne, Vickers |DRV91I proved the convergence 
Khintchine-type theorem for a non-degenerate manifold M which is 2-convex at 
almost every point i.e. at almost every point ^ for any unit vector v € T^M, 
at least two of the principal curvatures Ti(^, v), are non-zero and have the same 
sign. Much more is known for the case of planar curves ref. [BD VV07] , where 
they settled the divergence case for C'^-planner curves and the convergence case 
for rational quadratic curves. However even the case of the curve {x,x'^,x^) is 
still open. 
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